We introduce an elliptic algebra U q,p ( sl 2 ) with p = q 2r (r ∈ R >0 ) and present its free boson representation at generic level k. We show that this algebra governs a structure of the space of states in the k−fusion RSOS model specified by a pair of positive integers (r, k), or equivalently a q−deformation of the coset conformal field theory SU(2) k × SU(2) r−k−2 /SU(2) r−2 . Extending the work by Lukyanov and Pugai corresponding to the case k = 1, we gives a full set of screening operators for k > 1. The algebra U q,p ( sl 2 ) has two interesting degeneration limits, p → 0 and p → 1. The former limit yields the quantum affine algebra U q ( sl 2 ) whereas the latter yields the algebra Ah ,η ( sl 2 ), the scaling limit of the elliptic algebra A q,p ( sl 2 ). Using this correspondence, we also obtain the highest component of two types of vertex operators which can be regarded as q−deformations of the primary fields in the coset conformal field theory. †
Introduction
In studying exactly solvable models, especially in calculating correlation functions, the algebraic analysis method has proved to be extremely powerful [1] . The method is based on the infinite dimensional quantum group symmetry possessed by a model 1 and its representation theory. In particular, the intertwining operators between the infinite dimensional representation spaces play an important role. There are two types of intertwiners called type I and type II. Remarkably, in solvable lattice models, the type I intertwining operator can be identified with a certain composition of the Boltzmann weights so that its product behaves as a local operator acting on the lattice. One can thus combine this into the Baxter's corner transfer matrix (CTM) method [2] . As a consequence, the type I intertwiner allows us to identify the infinite dimensional irreducible representation with the space of states of the model. Furthermore, the properties of the Boltzmann weights such as the Yang-Baxter equation, the inversion relation and the crossing symmetry yield some universal relations among the type I intertwiners and the CTM. Based on these relations, one can derive q−difference equations for correlation functions of local operators.
It is usually a difficult problem to solve such equations. The advantage of the algebraic analysis is that it allows us to derive the correlation functions directly. Correlation functions are formulated as traces of the product of type I intertwiners over irreducible representation space. Especially, in many cases, the infinite dimensional quantum group symmetries admit free boson realization. This enables us to construct the infinite dimensional representations as well as the intertwining operators. Then the calculation of the correlation functions i.e. the traces of the intertwiners is a straightforward task. It is needless to say that the same spirit was already applied to the two dimensional conformal field theory(CFT) [3, 4] .
In [1, 5, 6 ], the XXZ model, or equivalently, the six vertex model, in the antiferromagnetic regime was solved by applying the representation theory of the quantum affine algebra U q ( sl 2 ). Following this work, its higher spin extension [7, 8, 9, 10] and a higher rank extension [11] were discussed. The XY Z model, or equivalently, the eight vertex model in the principal regime, was also treated in this approach [12, 13] . There the elliptic algebra A q,p ( sl 2 ) [14] was proposed as the basic symmetry of the model. However its free field realizations still remain to be obtained. It should also be remarked that the central extension of the Yangian double DY ( sl 2 ), the rational limit of U q ( sl 2 ), was properly defined [15, 16] . Its free field realization and application to physical problems were discussed [15, 16, 17] .
In the recent work [18] , we discussed two degeneration limits of the elliptic algebra A q,p ( sl 2 ), that are the limits p → 0 and p → 1. The first limit gives U q ( sl 2 ), whereas the second limit yields a new algebra. The new algebra turned out to be a relevant symmetry for the XXZ model in the gap-less regime [18] as well as for the sine-Gordon theory [19, 20] . This new algebra was later reformulated by using the Drinfeld currents and called Ah ,η ( sl 2 ) [21] .
On the other hand, it is known as vertex-face correspondence that there exists an interaction-round-a-face model corresponding to a vertex model. The eight vertex model and the corresponding eight vertex solid-on-solid (SOS) model, or called the AndrewBaxter-Forrester (ABF) model, are well-known examples [22] . The higher spin analogues of the ABF model were constructed by a fusion procedure [23] . The k−fusion SOS model is obtained by fusing the Boltzmann weights of the ABF model k times in both horizontal and vertical directions.
We are interested in their restricted versions, i.e. the k−fusion restricted SOS (RSOS) models [22, 23] . The model is labeled by a pair of positive integers (r, k). At each lattice site a, one places a random variable (local height) m a taking values in the set S = {1, 2, .., r − 1}. One further imposes a restriction that for all adjacent sites a and b, the local heights m a and m b satisfy the admissible conditions The following two facts shown in [23] for the regime III, which is treated through this paper, are fundamental.
1. The one point local height probability (LHP), i.e. a probability in which the center site has a given value of the local height, is given by the so-called branching coefficient appearing in the decomposition of the product of the two irreducible characters of level k and r − k − 2 of the affine Lie algebra A
1 into level r − 2 irreducible character of the diagonal A 2. The critical behavior is described by the conformal field theory with the Virasoro central charge c =
and the primary fields of conformal dimensions h J;n ′ ,n (2.8).
The corresponding CFT is known as the coset minimal model SU(2) k ×SU(2) r−k−2 /SU(2) r−2 . The cases k = 1, 2 were known before the fusion RSOS model [24] , whereas the k > 2 cases were realized inspired by the model [25, 26, 27] . The coset minimal model possesses the extended Virasoro algebra symmetry generated by the Virasoro generator and some extra generators. The super Virasoro algebra is contained as the case k = 2. The irreducible characters of the extended Virasoro algebras are given by the same branching coefficients as the LHP in the above.
The first attempt to applying the algebraic analysis to the fusion RSOS model was carried out in [28] . There, in the regime III, the space of states was described based on the representation of U q ( sl 2 ) and the creation and annihilation operators of the quasiparticles were obtained as a tensor product of certain type I and type II intertwiners in U q ( sl 2 ). Later, the type I vertex operator in the restricted ABF model in the regime III was recognized as a lattice operator and a q−difference equation for the correlation function was derived [29] .
Recently, Lukyanov and Pugai have succeeded to realize this type I vertex operator by using a free boson [30] . This enables us to construct a solution of the above q−difference equation exactly. However the most important contribution by this work is not this but a discovery of a symmetry of the restricted ABF model. That is the symmetry generated by the q−deformation of the Virasoro algebra [31] . In the same way as the Virasoro algebra, the q−Virasoro algebra admits a singular representation corresponding to the minimal series [3] . In such representation, screening operators play an essential role. Constructing screening operators and q−deformation of the primary fields, Lukyanov and Pugai discovered that their q−primary fields are nothing but the above type I vertex operator in the restricted ABF model.
The purpose of this paper is to extend their result to the k−fusion RSOS model in the regime III. Since the Virasoro algebra is realized as the case k = 1 in the coset CFT, we expect that a certain q−deformation of the extended Virasoro algebra corresponding to the coset SU(2) k × SU(2) r−k−2 /SU(2) r−2 (k > 1) exists and it provides a basic symmetry of the k−fusion RSOS models [32] .
Our strategy is based on the following observation. The screening currents found by Lukyanov and Pugai satisfy an elliptic deformation of the quantum affine algebra U q ( sl 2 ) at level one. This elliptic algebra has another degeneration limit to Ah ,η ( sl 2 ) at level one [18, 31] . Picking up this algebraic nature, we carry out the extension in the following two steps.
1. We extend the elliptic algebra of the screening currents to generic level k. We call this algebra as U q,p ( sl 2 ) [32] . Realizing it by using free bosons, we show that the conformal limit of the generating currents for U q,p ( sl 2 ) coincide with those known in the above coset CFT. Hence these currents give a full set of screening currents for the q−deformed coset theory for arbitrary k.
2. The elliptic algebra U q,p ( sl 2 ) has two desired degeneration limits, U q ( sl 2 ) and Ah ,η ( sl 2 ). The Hopf algebra (like) structures are known both in U q ( sl 2 ) and Ah ,η ( sl 2 ). Using this knowledge, we obtain a free field realization of , at least, the highest component of the type I and type II vertex operators.
The free field realization of the screening currents and the type I, II intertwiners allows us to make a characterization of the q−deformation of the coset CFT SU(2) k × SU(2) r−k−2 /SU(2) r−2 .
In order to identify our q−deformed coset theory with the k−fusion RSOS model, we investigate the following two things. The first one is a partition function per site. We show that the correct partition function per site is obtained from the commutation of the two type I vertex operators. This allows us to regard the type I vertex operator as a proper lattice operator for the k− fusion RSOS model. The second one is a structure of the Fock modules for the q−deformed coset theory. The Fock modules are reducible due to the existence of singular vectors which can be constructed by the screening operators on the modules. We consider a resolution of the modules and obtain a space which can be regarded as the irreducible highest weight representation of the conjectural q−deformation of the extended Virasoro algebra. The character of the space coincides with the desired branching coefficient. Hence one can identify the space with the space of states for the k−fusion RSOS model. This paper is organized as follows. In the next section, we briefly review the free field representation of the coset minimal model SU(2) k × SU(2) r−k−2 /SU(2) r−2 . The formulae summarized in this section should be compared with those of the q−deformed ones obtained in Sec.4 and 5. In Sec.3, we introduce the elliptic algebra U q,p ( sl 2 ) and discuss its properties. In Sec.4, we present a free field representation of U q,p ( sl 2 ). As a corollary, the free field representation of the algebra Ah ,η ( sl 2 ) for arbitrary level is obtained. We also derive the type I and type II vertex operators and their commutation relations for the highest components. We argue that the correct partition function per site is obtained from these relations. In Sec.5, based on these results, we propose a q−deformation of the coset minimal model. We show that the algebra U q,p ( sl 2 ) provides a full set of screening operators which are sufficient for making a resolution of the Fock modules. Then a characterization of the irreducible highest weight modules of the conjectural q−deformed extended Virasoro algebras is obtained. The evaluation of the character of the space supports the identification of the space with the space of states for the k−fusion RSOS model. The final section is devoted to discussions on the results and some future problems.
Coset Conformal Field Theory
In this section we briefly review the coset minimal model SU(2) k × SU(2) l /SU(2) k+l k, l ∈ Z >0 [24, 25, 26, 27] .
The symmetry of the theory is an extended Virasoro algebra generated by the EnergyMomentum(EM) tensor T (z) and the extra generators A j k (z) (j = 1, 2, ..). The number of extra generators is depend on the value k. For example, the case k = 1 and l ∈ Z >0 , the theory is the Virasoro minimal model and there are no extra generators [3, 24] . For k = 2 with l ∈ Z >0 , the theory is the N = 1 super Virasoro minimal model [24, 33, 34] . There are one extra generator of conformal dimension 3/2, which is nothing but the super generator A 2 (z) = G(z). The k = 4 case with l ∈ Z >0 is known as the S 3 symmetric model [35] . There are two extra generators A The extended Virasoro algebra is defined by the following operator product expansions (OPE) [27] .
is the conformal dimension of A j k (z), and α ij , β ijm are the structure constants. The central charge c of the Virasoro algebra is given by
The Virasoro highest weight state |J; n ′ , n is the state satisfying
The highest weights are given by
One can realize the theory in terms of three boson fields [25, 26, 36] . Let us introduce the three independent free boson fields φ 0 (z), φ 1 (z) and φ 2 (z) satisfying the OPE
Then the EM tensor of the coset theory is realized as
(2.10)
, and T Z k (z) being the EM tensor of the Z k parafermion theory [35] . The realization of the extra generators can be found in [25, 26, 27] .
The expression (2.9) indicates that the coset theory is realized as a composition of the Z k parafermion theory and the boson theory φ 0 (z). Indeed, the primary field of the coset theory is realized as 13) where
. Note 2α 0 = α + + α − . Using Ψ J;n ′ ,n (z), the highest weight state |J; n ′ , n is obtained as 14) where |0 denotes the SL(2, C) invariant vacuum state. The highest weight representation space is then given by the Fock module F J;n ′ ,n constructed by the action of the creation operators of the fields φ j (z), j = 0, 1, 2 on |J; n ′ , n . These modules are reducible due to the existence of singular vectors. The singular vectors can be constructed by using the screening operators on some highest weight states. In the minimal coset theory, the screening currents, which contour integrals yield the screening operators, are given by
where Ψ and Ψ † are the parafermion currents given by
These currents are characterized by the properties (i) the conformal dimension is one, (ii) the contour integrals of them commute with the extended Virasoro algebra. These screening currents defines the nilpotent operators called the BRST charges. One can use these charges to make a resolution of the Fock modules [37, 38] . One should note that the screening currents S(z) and η(z) act only on the Z k parafermion theory and that the screening operators obtained from S ± (z) commute with those from S(z) and η(z). Therefore, in order to make a resolution of the Fock modules of the coset theory, one may take the following two steps. First make a resolution of the Z k parafermion theory and then consider the coset theory [39] .
2 In section 5, we discuss a q−analogue of this resolution.
3 The Elliptic Algebra U q,p ( sl 2 )
In this section we define a new elliptic algebra U q,p ( sl 2 ) [32] and discuss its relation to known algebras U q ( sl 2 ) and Ah ,η ( sl 2 ). 2 The boson fields Φ(z), ϕ(z), χ(z) used in [39] are related to φ 0 (z), φ 1 (z), φ 2 (z) as follows.
Definition
Let r ∈ R >0 and q ∈ C, |q| < 1. We set p = q 2r and p * = pq −2c .
Definition 3.1
The associative algebra U q,p ( sl 2 ) is generated by the operator valued functions (currents) k(z), E(z), F (z) of complex variable z and the central element c with the following relations 3 .
3)
where
and denote E(z), F (z) and k(z) by the same letters E(u), F (u) and k(u). Then the relations in (3.2)-(3.5) are rewritten in more compact form.
14)
where ϑ 1 (u|τ ) is the Jacobi elliptic theta function
These expressions suggest that the algebra U q,p ( sl 2 ) is related to some elliptic curves in the similar way to the theory of Enriquez and Felder [40] .
Degeneration limit
There are two interesting degeneration limits: p → 0 and p → 1. The limit p → 0 is taken by letting r → ∞. Then the relations (3.1)-(3.6) are reduced to those of the Drinfeld currents in the quantum affine algebra U q ( sl 2 ) ( see for example, [41] ). In the later section (Sec.5), we will make the identification that U q,p ( sl 2 ) is the algebra of the screening currents in the q−deformation of the coset theory SU(2) k × SU(2) r−k−2 /SU(2) r−2 . The limit r → ∞ to U q ( sl 2 ) is then consistent with the well-known fact in CFT and the perturbation of the coset CFT [42] , i.e.
The second limit p → 1 is taken by setting q = eh ε 2 and z = e −iαε , w = e −iβε and letting ε → 0. In this limit, the relations in Definition 3.1 tend to those of the currents in the algebra Ah ,η ( sl 2 ) [21] (see Appendix), i.e. the degeneration (or scaling) limit of the elliptic algebra A q,p ( sl 2 ) [14] , under the identification 1/η =hr, 1/η ′ =h(r − k) and the interchanges H + ↔ H − , E ↔ F . This limit is also consistent with the known fact that the scaling limit of the RSOS model gives the restricted sine-Gordon model and the latter model is obtained by an integrable perturbation of the coset minimal model(see, for example, [42] ).
Our algebra U q,p ( sl 2 ) hence has the same degeneration limits as the elliptic algebra A q,p ( sl 2 ) [18] . The direct relationship between U q,p ( sl 2 ) and A q,p ( sl 2 ) is unknown at this stage 4 . However, see [18] Sec.3 where one can find a discussion which suggests the deep relation between the q−Virasoro algebra and the elliptic algebra A q,p ( sl 2 ) at level one.
4 Free Field Realization of U q,p ( sl 2 ) at Level k
We here consider a realization of the algebra U q,p ( sl 2 ) at arbitrary level k = 0, −2 in terms of three bosonic fields 5 .
Bosonization of
Let a j,m (m ∈ Z =0 j = 0, 1, 2) be bosons satisfying the commutation relations
We also define the primed boson a ′ 0,m and the zero-mode operators Q j and P j (j = 0, 1, 2) satisfying
In order to make the expression of the currents simple, we introduce the following boson fields φ j (A; B, C|z; D) (j = 0, 1, 2, A, B, C, D ∈ R).
We often use the abridgment
We denote by :: the usual normal ordered product. For example,
Then we have
has the following free field realization at c = k.
where Ψ(z) and
Proof. Straightforward calculation.
Remark 4.1 In the CFT limit q → 1 with z fixed, the currents E(z) and F (z) coincide with the screening currents S + (z)(2.15), S − (z)(2.16) in the coset CFT.
Remark 4.2 In the limit r → ∞, the expressions (4.12) with (3.7) and (4.13)-(4.14) tend to the Matsuo's bosonization of U q ( sl 2 ) [44] . Namely,
Let us consider the Ah ,η ( sl 2 ) limit. The algebra Ah ,η ( sl 2 ) [21] is defined in Appendix. The limit is taken by the following procedure [18] . Setting q = eh ε 2 , z = e −iαε , r = ξ + k, mε = t ∈ R and letting ε → 0. Then we have from (4.1)-(4.3)
and
In this limit, all the zero-mode operators Q j and P j (j = 0, 1, 2) are dropped. 25) where
In the algebra Ah ,η ( sl 2 ), the Hopf algebra like structure and the level zero representation are known [21] . We summarize them in Appendix. From these knowledge, one can construct the intertwining operators between the level k infinite dimensional representations. Let us define the following four vertex operators.
where φ l,±l (ζ) are the analogues of the Z k -parafermion primary fields (2.13) given by:
Then we have 
The type I and type II vertex operators
Although we do not have any results on the Hopf algebra structure of U q,p ( sl 2 ), the (q, p)-analogue of the operators (4.27)-(4.30) can be obtained by the following requirements.
1. The procedure taking the limit to Ah ,η ( sl 2 ) from U q,p ( sl 2 ) makes the vertex operators reduce to those in (4.27)-(4.30).
2. The zero-modes factors are determined by requiring that the CFT limit ( q → 1 with z fixed ) of the vertex operators should be expressed as the exponential of the boson fields.
Using the notations in (4.6)-(4.9), we find that the desired vertex operators are given as follows.
We also have some conjectural expression for the lower components of these vertex operators. We will discuss them and their commutation relations in a separate paper.
Remark 4.3
In the U q ( sl 2 ) limit, the type I vertex operator Φ (l) l (z) (4.32) coincides with the result in [44] . On the other hand, in the CFT limit, the same vertex operator coincides with the primary field Ψ l;l+1,1 (z) in (2.12), whereas the type II vertex operator Ψ [30] . On the other hand, the degeneration limit (4.29) and (4.30), at level one, coincide with those found in the massless XXZ model [18] . In this way, in all the known cases, the vertex operators relevant for the physical applications obey the twisted intertwining relations.
The vertex operators (4.32)-(4.35) satisfy interesting commutation relations with the currents which allows us to expect the existence of the (q, p)−analogue of the ( twisted ) intertwining relations (A.29)-(A.42) and the existence of the Hopf algebra structure in U q,p ( sl 2 ) (see also Sec.6). We here list them only for the verticesΦ 
Proposition 4.4 The vertex operatorsΦ
Finally, we present the commutation relations among the type I and type II vertex operators. For application to physics, we are interested in those amongΦ
46)
The function r k (z) ≡ 1/κ(u) with z = q 2u satisfies the following inversion relations.
Therefore, according to Appendix D in the third reference in [23] , one can identify κ(u) with the partition function per site for the k−fusion RSOS model in the regime III. On the other hand, the logarithmic derivative of the function χ(z) gives the excitation energy of the kink [45] .
q−Deformation of the Coset Theory
In this section, we discuss a q−deformation of the coset conformal field theory based on the algebra U q,p ( sl 2 ) and make an identification of it with the k−fusion RSOS model k ∈ Z >0 .
Definition
The Virasoro central charge of the Z k parafermion theory is c P F = 2(k−1) k+2
. Hence the level one (k = 1) parafermion theory has zero central charge and gives a trivial contribution to the coset theory. This should be true in the q−deformed theory, too. Noting this, one can see that at level one, the currents E(z) and F (z) in (4.13) and (4.14) coincides with the screening currentsV (z) andŪ (z) in the q−Virasoro algebra [30] . In addition, the type I vertexΦ (l) 1 (z) coincides with the vertex Ψ + (z) in [30, 31] . In this sense, the algebra U q,p ( sl 2 ) at level one governs the structure of the q−Virasoro algebra. In fact, at level one, the q−Virasoro algebra generator T (z) is obtained by [31] T (z) = Λ(zq) + Λ(zq −1 ), (5.1)
For generic level k, as mentioned in Remarks 4.1 and 4.3, one can regard the currents E(z), F (z) and the type I vertex Φ (l) l (z)(l = 0, 1, .., k) as the q−deformation of the screening currents S + (z), S − (z) and the primary field Ψ l;l+1,1 in the coset CFT.
These observation lead us to the following characterization of a q−deformation of the coset theory SU(2) k × SU(2) r−k−2 /SU(2) r−2 , or equivalently a q−deformation of the extended Virasoro algebra in the free boson realization.
1. The theory is obtained as a composition of the q−deformed Z k parafermion theory and the φ 0 boson theory.
2. The screening currents satisfy the algebra U q,p ( sl 2 ).
3. The q−deformation of the primary fields are the intertwiners between the infinite dimensional representations of U q,p ( sl 2 ).
We have not yet succeeded to obtain a q−Virasoro generators with central charge c (2.5) and any extra generators. However, the free boson realization of the screening operators and the type I, type II vertex operators enables us to analyze the structure of the highest weight representation of the q−Virasoro algebras [30] . In the following section, we carry out such analysis for the case k > 1. The resultant irreducible representation turns out to be identified with the space of states of the k−fusion RSOS model.
Fock modules
Let J = |n ′ − n (mod2k)| and M = n ′ − n (mod 2k). Define the highest weight state |J, M; n ′ , n by
Here |0 P F and |0 denote the SL(2, C) invariant vacuum states defined by
Note that the highest weight states can be obtained by making the vertex operator act on the SL(2, C) invariant vacuum state in the same way as (2.14) in CFT. The Fock modules
We also define the degree of the vector in the Fock modules as an eigenvalue of the operator L 0 given by 13) its degree N is given by
Screening currents
In section 5.1, we identified the currents E(z) and F (z) with the q−deformation of the screening currents S + (z) and S − (z) in the coset CFT. As mentioned in section 2, we need two more screening currents, which governs the structure of the Fock representation space of the q−deformed Z k parafermion theory. Such screening currents S(z) : F J,M ;n,n ′ → F J−2,M ;n,n ′ and η(z) : F J,M ;n,n ′ → F J+k+2,M +k;n,n ′ were already realized by Matsuo [44] . They are given by the following formulae.
Noting that S(z) and η(z) depend only on the boson fields φ 1 and φ 2 , the following relations are direct consequences of the Lemma 4.1 and 4.5 in [44] .
Here the difference of the function f (z) is defined by
In addition, from Theorem 4.1, the following commutation relations hold.
Here the notation [u] x (x = r, r − k, k + 2) stands for the theta function
where we set q 2x = e −2πi/τx . Hence τ r = τ and τ r−k = τ * . One should note the following quasi-periodicities.
Now let us define a set of screening operators.
Due to the quasi-periodicity (5.28), the integrands in Q + , Q − and Q are single valued in z. In addition the integrand in η 0 is single valued on F J,M ;n ′ ,n . Therefore all the integrations in Definition 5.3 can be taken over a closed contour on F J,M ;n ′ ,n .
The following commutation relations hold. 
Here C z denotes a closed contour enclosing the points q ±(k+2) z. After taking the integral in w, the quasi-periodicity of the theta function [u] k+2 makes the right hand side of (5.38) vanish.
The other statements can be proved in the similar way. 
The proof is due to the following lemma 7 .
Lemma 5.6
The screening operator S(z) is equivalent to the one in U q ( sl 2 ) discussed in [10] . We hence have proved the nilpotency of the BRST charge in U q ( sl 2 ) in the improved form as (5.31).
.
This lemma is proved by using the commutation relations in Proposition 5.2 and the following theta function identity [48] .
Resolution of the Fock modules
The Fock modules
n ′ ,n are reducible due to the existence of the singular vectors, which are constructed by the screening operators on some highest weight states [10, 31] . In order to obtain irreducible spaces, we consider a resolution of the modules F J,M ;n ′ ,n following the method by Felder [37] .
As mentioned in Sec.2, Lemma 5.4 allows us to divide the consideration into the following two steps. First consider the resolution of the Z k parafermion Fock modules Let us first remind the reader the following two facts.
1. The Z k parafermion theory is obtained as the coset SU(2) k /U(1). In the q−deformed case, especially in our case, this means that the q−deformed Z k parafermion theory is obtained from Matsuo's bosonization of U q ( sl 2 ) by dropping { α m } boson.
2. The screening currents S(z) and η(z) are independent of the {α m } bosons. Therefore these screening currents are common in the U q ( sl 2 ) theory and the q−parafermion theory so that the structure of the singular vectors in the q−parafermion Fock modules are the same as corresponding Fock modules for U q ( sl 2 ).
The structure of the Fock modules for U q ( sl 2 ) was investigated in [44, 10] . The modules are given by
In [10] , we showed, using the equivalent boson realization, that the Fock modules F J are reducible for the highest weight λ a,a ′ = J a,a ′ Λ 1 +(k−J a,a ′ )Λ 0 due to the existence of the singular vectors. Here J a,a ′ = a − (k + 2)a ′ − 1, the level k being , in general, a rational number k + 2 = P/P ′ , P, P ′ ≥ 1, GCD(P, P ′ ) = 1 and 1 ≤ a ≤ P − 1, 0 ≤ a ′ ≤ P ′ − 1. The case P ′ = 1 is relevant for the parafermion theory. It was then observed that the Fock module structure, i.e. the degree of the singular vectors and the cosingular vectors as well as the multiplicities in each degree seems to be the same as the CFT case [38] . This was checked by calculating the characters of the irreducible representation spaces obtained by a resolution of the Fock modules.
Following the procedure given for U q ( sl 2 ) [44, 10] and the analysis in CFT [46, 47] , we make the resolution of the q−parafermion Fock modules F P F J,M as follows. We first consider the following restriction. has trivial cohomology. We hence have
On the other hand, the operator Q generates the following complex of the restricted Fock modulesF
Here we introduced the notations Q The results in CFT [38, 46, 47, 39] and the investigation in the quantum affine algebra U q ( sl 2 ) [10] lead us to the following conjecture As a consequence, we obtain the following trace formula Corollary 5.9 
To support the conjecture, let us apply this formula to the calculation of the character of the space H 
with η(ω) being the Dedekind eta function
The result (5.55) is precisely the irreducible character of the Z k parafermion theory.
2) Resolution of the Fock modules F J,M ;n ′ ,n
Replacing the space F P F J,M with H P F J,M in F J,M ;n ′ ,n , now we consider the Fock modules
Let us introduce the notations Q
J,M ;n ′ ,n =F J,M +2n+2(r−k)t ;n ′ ,−n−2(r−k)t (5.60)
Then, the screening operators Q + , Q − generate the following infinite sequences of the Fock modulesF J,M ;n ′ ,n .
Due to Theorem 5.5, these are complexes. As in the level one case [30] , it is enough to consider one of them. Let us consider the complex (5.63). The following observation suggests the existence of the singular vectors inF J,M ;n ′ ,n similar to the CFT case [39] . Let M n ′ ,n = n ′ − n (mod 2k) and consider the vector
Using Lemma 5.6 and the operator product
where we set the RHS of (4.15) as
Setting z 1 = z, z j = zw j (j = 2, .., n) and collecting all the z−dependence in the integrand, one can factor the integral dz z
where N ∈ Z ≥0 comes from the exponent in the fourth line of (5.67). Let us evaluate N. From (5.14), the nonvanishing term in (5.67) has degree N + h J,M −n ′ ,−n ;−n ′ ,−n . On the other hand, the BRST charge Q + n commutes with L 0 . Hence the degree of the same term should be equal to h J,M −n ′ ,n ;−n ′ ,n . Hence we have N = h J,M −n ′ ,n ;−n ′ ,n − h J,M −n ′ ,−n ;−n ′ ,−n = (4n
. This value N is consistent with the non-vanishment of the integral dz. We hence conjecture the following statement [39] .
Conjecture 5.10 The complex (5.63 ) has the non-trivial cohomology only at t = 0, i.e.
KerQ

+[t]
n /ImQ
Here the space H J;n ′ ,n is the conjectural irreducible highest weight representation space of the q−Virasoro algebra with central charge c (2.5) with the highest weight h J;n ′ ,n = h J,J;n ′ ,n .
As a consequence, we can derive a trace formula, which relates the trace over H J;n ′ ,n to those over the Fock spacesF
J,M ;n ′ ,n t ∈ Z. Corollary 5.11 J,M ;n ′ ,n is defined recursively by
Combining (5.54) and (5.69), we finally get the formula
where the Fock modules F
J,M ;n ′ ,n denote the following. J,M ;n ′ ,n is defined recursively by
Applying the formula (5.71), we obtain the character of the space H J;n ′ ,n :
where c is given by (2.5) and
The result (5.78) precisely gives the branching coefficient in the formula
are the irreducible characters of the affine Lie algebra sl 2 labeled by the level k and spin L/2.
The one point local height probability of the k−fusion RSOS model in the regime III is given by the same branching coefficient as (5.78). Hence one may regard the space H J;n ′ ,n as the space of states of the k−fusion RSOS model in the regime III, on which Baxter's CTM acts [2, 23] .
Discussion
In summary, we have introduced the elliptic algebra U q,p ( sl 2 ). Based on this algebra, we have extended the bosonization of the ABF model in [30] to the k−fusion RSOS model. We have obtained it as the q−deformation of the coset conformal field theory SU(2) k × SU(2) r−k−2 /SU(2) r−2 . A full set of screening currents and the highest component of the two types of vertex operators have been derived. We have observed that these operators give a proper characterization of the Fock spaces as the space of states in the k−fusion RSOS model.
We have conjectured that there exists a corresponding q−deformation of the extended Virasoro algebra in such a way that its screening currents satisfy the algebra U q,p ( sl 2 ) and the q−deformed primary fields are determined as the intertwiners between the infinite representation space of U q,p ( sl 2 ). In order to establish this point, we need to clarify the following two points.
1. The realization of the q−Virasoro generator with the central charge (2.5) and the extra generators.
2. The Hopf algebra structure of U q,p ( sl 2 ).
Recently, Jimbo has succeeded to derive the algebra U q,p ( sl 2 ) by the Gauss decomposition of a central extended dynamical RLL−relations with the R−matrix introduced by Enriquez and Felder[40] . This result allows us to clarify a Hopf algebra structure of U q,p ( sl 2 ). The work along this line is now in progress.
For the completion of the identification of our bosonization with the k−fusion RSOS model, we need further to show that the commutation relation among the type I and the type II vertices are given precisely by the k−fused RSOS Boltzmann weights [29] . We have checked this point both in the k = 1 case and in the case of arbitrary k but for the highest components of the type I and type II vertex operators (Prop. 4.5).
As the scaling limit, we also have obtained a bosonization of the algebra Ah ,η ( sl 2 ) at arbitrary level k. The level one case has shown to be a relevant symmetry for deriving the form factors in the sine-Gordon theory [20] . In this respect, one may relate the higher level case, especially, the case k = 2 to the super sine-Gordon theory. Our bosonization should be useful for deriving the form factors of such theory.
It is also an interesting problem to extend our results to the higher rank case as well as to the case of other types of Lie algebras. For these extensions, the corresponding SOS models are known [49, 50] . We expect that these SOS models could be bosonized based on the corresponding extension of our U q,p ( sl 2 ). The following relations hold.
The comultiplication of the algebra Ah ,η ( sl 2 ) is given for e + (α, ξ) = e + (α), f + (α, ξ) = f + (α), h + (α, ξ) = h + (α) by the formulae ∆c = c ′ + c ′′ = c ⊗ 1 + 1 ⊗ c, (A.15) ∆e + (α, ξ) = e + (α ′ , ξ) ⊗ 1 An infinite dimensional highest weight representation of the algebra Ah ,η ( sl 2 ) is constructed as a Fock space F of free bosons [18, 21] . See also Sec.6. Here the highest weight property means thatê 
